When p and p + 2 are primes, such as 3, 5; 5, 7; 11, 13; 17, 19; · · · . We call them pairs of prime twins. In this paper we use sieve method(Liu sieve) to construct the weak solution(i.e. formal solution) of prime twins. Then we use auxiliary special 4 sieve problem and its biological model to prove that weak equals classical, i.e. the weak solution is a classical one, hence the numbers of prime twins are infinite. 
Introduction
The prime twins conjecture(Euclid about 300B.C.). There exist infinite many prime pairs p and p + 2, such as 3, 5; 5, 7; 11, 13; 17, 19; · · · .
Chen [1] made a remarkable effort on this problem, he proved that, there exist infinite many p and p + 2 such that p is a prime, p + 2 is the almost prime(at most two prime factors).
Recently, Zhang [2] improved the result of Chen to
where p n is the nth prime. However,the real conjecture has not solved yet.
Chen [1] used the method of analytic theory of numbers. In order to solve the real conjecture, we use a method which can be called constructive theory of numbers. That is, we generalize the method of Fengsui Liu [3] , to prove that there exist infinite many primes by method of iteration, to the prime twins case, i.e. we construct the weak solution by sieve method for prime twins problem [3] . Then we use auxiliary special 4 sieve problem and its biological model to prove that weak equals classical, i.e. we prove that the weak solution is a classical one. Hence the prime twins conjecture is true. That is, we have the following result.
Theorem 1.1 There exist infinitely many pairs of prime twins.
Definition 2.1 Define the sum of two sequences of natural numbers {x 1 , x 2 , · · · , x m } and {y 1 , y 2 , · · · , y n } be {x i + y j } 1≤i≤m,1≤j≤n and natural number a multiply {x 1 , x 2 , · · · , x m } be {ax 1 , ax 2 , · · · , ax m }.
Let us begin from {1}.
Step 1. Extension: {1} + p 0 {0, 1, p 1 − 1} = {1} + 2{0, 1, 2} = {1, 3, 5}. Sieve: Remove the multiple of p 1 = 3, we obtain {1, 5}. The smallest number except 1 is 5, hence we obtain p 2 = 5.
Step 2. Extension:
{1, 5} + p 0 p 1 {0, 1, · · · , p 2 − 1} = {1, 5} + {0, 6, 12, 18, 24} = {1, 5, 7, 11, 13, 17, 19, 23, 25, 29}.
Sieve: Remove the multiple of p 2 = 5, we obtain {1, 7, 11, 13, 17, 19, 23, 29}. The smallest number except 1 is 7, hence we obtain p 3 = 7.
Step 3. Extension: {1, 7, 11, 13, 17, 19, 23, 29} + p 0 p 1 p 2 {0, 1, . . . , p 3 − 1}.
Sieve: Remove the multiple of 7, we obtain {1, 11, 13, 17, 19, 23, 29, 31, . . . , 209}. The smallest number except 1 is 11, hence we obtain p 4 = 11.
. . . . . . Applying these steps indefinitely we obtain all the primes. Proof. The mathematical foundation of Liu's prime formula is as follows. Define the smallest reduced residue system mod (p 0 , p 1 , · · · p m ), i.e., all the numbers less than p 0 p 1 · · · p m and coprime with p 0 p 1 · · · p m be {z 1 and remove all the multiple of p m is equal to the smallest reduced residue system mod(p 0 p 1 · · · p m ).
The properties (i) and (ii) can be proved easily. Hence the proof of Liu's prime formula is complete.
The above procedures performed by Liu Fengsui contain extension in every step. We need to add 0'th step of extension and sieve. Extension. From {1} extends to {1, 2}.
Sieve. Remove the multiple of p 0 = 2, we obtain {1}.
Since the operator of extension and operator of sieve are independent of each other or they are commutative, we exchange to the situation that all the extension operators be applied formerly, i.e.
{1, 2} +
Therefore the original set becomes all the natural numbers N = {1, 2, 3 · · · }. Hence we have the following fact.
Purifying form of Liu Fengsui's prime formula. Take the pre-sieve set to be all natural numbers N = {1, 2, 3 · · · }. The sieve sets are determined progressively.
The ascending period of N is 1, the smallest number except 1 is the prime 2 = p 0 . Denote S p 0 be the sieve operator that remove all the multiple of p 0 . Sieve step 0. Apply S p 0 to N, we have
We call N 0 the post-sieve set. The period of post-sieve set N 0 is 2, the number of elements in a period is 1, the smallest number except 1 is the prime 3 = p 1 .
Sieve step 1. The ascending period of N 1 is 6 = p 0 p 1 , the number of elements in a period is 2 = (p 0 − 1)(p 1 − 1), the smallest number except 1 is the prime 5 = p 2 .
Sieve step 2. 7, 11, 13, 17, 19, 23, 29, 31 , · · · }.
The ascending period of N 2 is 30 = p 0 p 1 p 2 , the number of elements in a period is 8 = (p 0 − 1)(p 1 − 1)(p 2 − 1), the smallest number except 1 is the prime 7 = p 3 .
Sieve step 3. Remove the multiple of 7 we obtain N 3 , . . . . From the above procedure we obtain the following general rule.
Perform the m's sieve step we obtain N m . (p i − 1) > 0, ∀m ≥ 0, hence the sieve procedure is not degenerate, i.e. the sieve steps can be continued indefinitely and we prove that there exist infinitely many primes.
Compare the original proof and purifying proof we see that, post-sieve set in every former step is the first period of post-sieve set in the correspondence later step.
Generalizing the Liu Fengsui's prime formula to other cases, we obtain a sieve method which is different to the well known sieve method of [4] , we discuss this topic in the following section.
Definition and comparison of sieve methods
Let us introduce two quantities about a set X, where all elements of X are natural numbers, arranged in ascending order, i.e., X = {x 1 , x 2 , ..., x n }, where x 1 < x 2 < · · · and 1 < n ≤ ∞. The cardinal numbers of X is defined by |X| = n when n < ∞, and |X| is not defined when n = ∞. The minimum number of X is defined by
That is, min X is the ordinal number of the elements of X except 1. The sieve method of the classical book [4] is well known, which we call it the classical sieve method. But in [4] general sieve method has not been defined, so that we shall give a definition of sieve method as follows. Giving the three essences of sieve procedure, that is , they are the minimum essences such that the sieve procedure can be work. Essence 1. Pre-sieve set A, that is a set of the whole or a part of natural numbers. Essence 2. Sieve set P , that is a set of all primes or a part of primes, arranged in ascending order P = {p 0 , p 1 , p 2 , · · · }.
Essence 3. Sieve operator S p , where p is a parameter. From the three essences we obtain a series of post-sieve sets: From the above definitions we see that there exist many differences between classical sieve method and Liu sieve method as follows.
1. Since the cardinal numbers of pre-sieve set A is not defined for|A| = ∞, hence the classical sieve method is restrict to|A| < ∞. Liu sieve method do not need that restriction. Moreover, from the purifying form of Liu Fengsui's prime formular we see that |A| < ∞ is useless for Liu sieve method. On the contrary, |A| = ∞ is useful for Liu sieve method.
2. In order to calculate cardinal number for post-sieve set A 0 , A 1 , A 2 , · · · , in [4] the following formula is used. Hence in [4] we restrict the sieve operator S p to be the single sieve, i.e., S p X means remove all the multiple of p from X. On the other hand, for Liu sieve we do not use (3.1). Therefore S p can take to be double sieve, e.g., on prime twins problem we take S p to be remove the multiple of p and remove the multiple of p and −2 simultaneously.
3. Since classical sieve method restrict S p to be sieve all the multiple of p. Hence the pre-sieve set A is restricted also. e.g., on prime twins problem, let x be an arbitrary large parameter, A should take to be
On the other hand, for Liu sieve method, we need not to restrict pre-sieve set A. Therefore, we always take A = {1, 2, 3, · · · }.
4. Using the classical sieve method to attack unsolved prime number problems, the difficult point is, how to estimate the remained term.
E.g. on prime twins problem, take A to be {p 2 −2, p 3 −2, · · · , p m −2} where p m ≤ x, x be an arbitrary large parameter.
Sieve A by {p 0 , p 1 , ..., p n } where p n ≤ √ x. All elements of post-sieve set A n are primes of the form p i −2(2 ≤ i ≤ m). That is, p i −2 and p i are prime twins, ∀i ∈ [2, m].
Hence |A n | is the number of prime twins in the interval[ √ x, x]. The prime twins conjecture is true if we can prove that
Calculate |A n | must estimate the remainder term, etc. But it is difficult to prove (3.2) is true.
Using the Liu sieve method to attack prime number problem, we do not need to estimate any remained term. But the minimum function we obtained is only the week solution(formal solution). E.g. on prime twins problem, we take the pre-sieve set to be the N = {1, 2, 3, · · · }. Take S p i to be remove the multiple of p i and multiple of p i and −2 simultaneously.
The minimum of N 0 except 1 is 3. We obtain the prime twins 3, 5.
The minimum of N 1 is 5. We obtain the prime twins 5, 7, because 7 is removed out by sieve 3(7 = 3 2 − 2).
The minimum of N 2 is 11. We obtain the prime twins 11,13, because 13 is removed out by sieve 3(13 = 3 · 5 − 2).
The minimum of N 3 is 11. It is the same as minimum of N 2 .
The minimum of N 4 is 17. We obtain the prime twins 17, 19, because 19 is removed out by sieve 3(19 = 3 · 7 − 2).
The minimum of N 5 is 17. It is the same as minimum of N 4 . . . . Hence we obtain a weak(formal) solution of prime twins problem. The prime twins conjecture is true if we can prove a weak(formal) solution is a classic solution. It is quite different from the study of proving (3.2) is true.
The weak solution for the problem of prime twins
Take the pre-sieve set to be all natural numbers
Take the sieve set to be all the prime numbers p 0 = 2, p 1 = 3, p 2 = 5, p 3 = 7, · · · . Denote the sieve operators S p be a double sieve such that remove all the multiple of prime p and all the multiple of p and −2 simultaneously. Since all the multiple of 2 and all the multiple of 2 and −2 is the same, S p 0 is a little special from another S p (p = 2).
The 0 step of sieve
The ascending period of post-sieve set N 0 is 2, the number of elements in a period is 1.
The 1st step of sieve. Remove the multiple of p 1 = 3 and the multiple of 3 and −2 simultaneously we have
The ascending period of post-sieve set N 1 is 6 = p 0 p 1 , the number of elements in a period is p 2 − 2 = 1.
The relation between this step and prime twins is as follows. Prime twins p, p + 2 with p > 3 are coprime with 3. Since one of p, p + 2, p + 4 is a multiple of 3, hence p + 4 must be multiple of 3. Therefore, when we sieve 3, p + 4 and p + 2 = p + 4 − 2 are removed out simultaneously. It follows that, only the former number p on prime twins is the representative element in N 1 . i.e., the later number 7, 13, 19, 31, · · · of prime twins 5, 7; 11, 13; 17, 19; 29, 31; · · · are removed out by sieve 3. The former numbers 5, 11, 17, 29, · · · are remained belong to the post-sieve set N 1 .
The 2nd step of sieve. Remove the multiple of p 2 = 5 and the multiple of 5 and −2 simultaneously we have
The 3rd step of sieve. Remove the multiple of p 3 = 7 and the multiple of 7 and −2 simultaneously we have The period of N 3 is 210 = p 0 p 1 p 2 p 3 , the number of elements in a period is 15
Recurrently for the m's step post-sieve set N m . Its period is m i=0 p i , the number of elements in a period is
, it means that the sieve procedure does not degenerate, so that the sieve step can be continued indefinitely, and we obtain infinitely many post-sieve sets N 0 , N 1 , N 2 , N 3 , · · · . In post-sieve sets we arrange the elements in the ascending order (but omit 1), that is
We call {n 0,1 , n 1,1 , n 2,1 , · · · } the minimum function. Write down the following table. Proof. i. During we seive p m , the n m−1,1 ∈ N m has not been removed out, then n m−1,1 = n m,1 , this is the case of n m,1 not increasing. During we seive p m , the n m−1,1 has been removed out, then n m−1,1 < n m,1 , this is the case of n m,1 increasing. Combining these two cases, we prove i.
ii. Applying lemma 5. 6. Analysing the structure of post sieve sets and the first sufficient condition for weak equals classical
Take the pre-sieve set to be N = {1, 2, 3, · · · }, and take the sieve set to be all primes {p i } i=0,1,2,··· . And we consider the typical case first, that is, take the sieve operator to be the single sieve, that is, sieve the multiple of p i only.
Then
{3, 5, 7} is called the initial prime clean interval.
Similarly, 
the mixed interval, because of in this interval primes and composite numbers are mixed together. Now, we consider the general case, i.e. the sieve operator S p i is the double sieve, that is, sieve the multiple of p i and the multiple of p i and −2 simultaneously.
Then all primes p are divided into 2 cases. i. p + 2 is a composite number, p is removed out when p + 2 is removed out. In this case, we called p a solitary prime.
ii. p + 2 is a prime. p is removed out only when we sieve p. Hence the sieve speed of p is 1. In this case, p is the former number of prime twins.
Therefore when we sieve p 0 , p 1 , · · · , p m , we have When ∀m ≥ 0, ∅ is the empty set, if
is true, we call the former number of prime twins clean interval is nondegenerate, ∀m ≥ 0. We have
Lemma 6.1 When former number of prime twins clean interval is nondegenerate, ∀m ≥
, then by definition of n m,1 we have
Lemma 6.1 is proved. Under the assumption (6.1), we prove the weak solutions {n m,1 , n m,1 + 2} ∞ m=0 is classical as follows.
At beginning, we have obtained the prime twins 3, 5; 5, 7; 11, 13; · · · . Then assume the hypothesis of mathematical induction. From beginning write n k−1,1 = p k , p k + 2 = p k+1 are pairs of prime twins. We observe the next jump point l which satisfying (5.1).
n l−1,1 is removed out when we sieve p l . Hence we have either
where q is coprime with p 0 , p 1 , ..., p l−1 , or
whereq is coprime with p 0 , p 1 , ..., p l−1 . Derive from (6.3), we have either
Derive from (6.4), we have either
Applying lemma 5.1, we have
(6.9) (6.6) and (6.8) contradict to (6.9). Since p l ≡ −1(mod 6) * , hence p l − 2 ≡ −3(mod 6), that is, p l − 2 is removed out by sieve 3, hence (6.7) cannot be true.
Therefore, (6.6) is the only remained case, i.e. n l−1,1 = p l is a prime. Now we take m = l − 1 in lemma 5.1 and combining with (6.5), we have p l + 2 = n l−1,1 + 2 is coprime with p 0 , p 1 , ..., p l−1 . And evidently p l + 2 is coprime with p l . And from (6.9) we have p l + 2 ≤ p 2 l − 2, hence p l + 2 is the prime p l+1 . Hence n l−1,1 = p l and p l + 2 = p l+1 are prime twins.
The above proof shows that the induction process is true with jump point l instead of jump point k.
Since there exist infinitely many jump points by lemma 5.2. Hence the steps of mathematical induction can be proceeded indefinitely, i.e. the weak solution is a classical solution and theorem 1.1 follows.
Hence (6.1) is the first sufficient condition for weak solution (of prime twins problem) becomes classical.
But to prove (6.1) is nearly impossible. The reason is as follows. Therefore in the following, we pay attention to the indirect proof of weak equals classical, i.e. we want to find a subset of former numbers of prime twins clean interval, such that we may prove the partial weak equals classical in this subset (and then extend to full weak equals classical).
Seek for subset such that in it the weak equals classical may be proved
We add difference to the former numbers of prime twins clean interval From the above table we see that, the successive prime twins with difference 6 and 12 are both appear frequently.
We study the pair of prime twins with difference 6. The initial pair is 5, 7; 11, 13. We do not count it because of it is a little special. The first pair is 11, 13; 17, 19. It is the unique pair in (10, 100). Then in (100,1000) there have three pairs, they are 101, 103; 107, 109; 191, 193; 197, 199; 821, 823; 827, 829 .
Calculating by computer with p m ≤ 9973, p 2 m+1 − 4 = 100140045. We obtain the following table for number of pairs in (10 m , 10 m+1 )(m = 3, 4, 5, 6, 7). Hence probably we have, number of pairs → ∞ when m → ∞. Take subset to be pairs of prime twins with difference 6. Detail study see the following paragraphs.
Numbers of pairs for prime twins with difference 6

Auxiliary special 4 sieve problem
Successive pair of prime twins with difference 6 put together, they constitude the solutions of the following 4 sieve problem.
Take the pre-sieve set to be all natural numbers. Take the sieve set to be all the prime numbers p 0 = 2, p 1 = 3, p 2 = 5, p 3 = 7, · · · . Denote the sieve operator S p i be S p 0 : Remove all the multiple of p 0 = 2. (p i − 4) > 0(∀m ≥ 2), it means that the sieve procedure does not degenerate, so that the sieve step can be continued indefinitely. And we obtain infinitely many post-sieve sets N 0 ,Ñ 1 ,Ñ 2 ,Ñ 3 , ... whereÑ m = {ñ m,1 ,ñ m,2 , · · · }(m ≥ 1).
We have the following properties. Proof. S p 0 is equivalent to: remove all the multiple of 2, all the multiple of 2 and −2, all the multiple of 2 and −6, all the multiple of 2 and −8.
S p 1 is equivalent to: remove all the multiple of 3, all the multiple of 3 and −2, all the multiple of 3 and −6, all the multiple of 3 and −8.
Then lemma 8.1 is proved by applying mathematical induction to m. Hence the life span of {101, 103, 107, 109} is (7, 101). In general, the set of all solutions of the 4 sieve problem has a biological model. The variety of all solutions of the special 4 sieve is a biological colony {z i , z i + 2, z i + 6, z i + 8} p l i (i = 1, 2, 3, · · · ) is the jump points of the solutions for special 4 sieve, hence it is the strictly monotone increasing function of i. That is, p l 1 < p l 2 < p l 3 < · · · . Moreover, since p l i is the former number for the weak solution of 4 sieve, the distance between 2 set of solutions must be ≥ 10. Hence we have
p h i is the monotone increasing function of i. That is,
The reason for the equality appear on {p h i }, because of in clean intervalÑ Proof. From the pre-sieve set N = {1, 2, 3, · · · }, remove the multiple of 2 and multiple of 3 and multiple of 3 and −2, we obtain the post-sieve setÑ 1 with period 6 and number of element in a period is 1, that is N 1 = {5, 11, 17, 23, 29, 35, · · · }.
Then we remove the multiple of 5, multiple of 5 and −2, multiple of 5 and −6, multiple of 5 and −8, we obtainÑ 2 , its period is 30, the number of element in a period is 1, that is,Ñ 2 = {11, 41, 71, 101, 131, 161, 191, · · · }. Hence we obtain, 1st step. Weak solution set {z 1 , z 1 + 2, z 1 + 6, z 1 + 8}, where z 1 =ñ l 1 −1,1 =ñ 4−1,1 = p 4 = 11. that is, the weak solution set is {11, 13, 17, 19}. This is a classical solution set by definition of it.
Then remove the multiple of 7, the multiple of 7 and −2, the multiple of 7 and −6, the multiple of 7 and −8, we obtainÑ 3 , its period is 210, the number of element in a period is (5 − 4)(7 − 4) = 3, that is
Hence we obtain, 2nd step.
In this post-sieve clean interval there have classical solution set {11, 13, 17, 19}. Hence this post-sieve clean interval is nondegenerate. Applying lemma 8.5 we obtain that the weak solution set {z 2 , z 2 + 2, z 2 + 6, z 2 + 8}, where z 2 =ñ 24,1 = p 25 = 101, Hence {101, 103, 107, 109} is the classical solution set. 3rd step. We observe that the 4 sieve until 13, Then we prove the general case by mathematical induction as follows. After we have proved z j =ñ l j −1,1 (1 ≤ j ≤ i − 1), the weak solution set {z j , z j + 2, z j + 6, z j + 8} i−1 j=1 are classical solution set {p l j , p l j + 2, p l j + 6, p l j + 8} , that z i can not be a composite number. Therefore, z i must be a prime number. Applying lemma 8.6, {z i , z i + 2, z i + 6, z i + 8} is the classical solution set.
That is, the mathematical induction process is valid by i instead of i − 1. Hence it is valid for all i = 1, 2, 3, · · · . Theorem 9.1 is proved. 
Biproducts
Theorem 11.1 There exist infinitely many i(i = 1, 2, · · · ) such that {z i , z i + 2, z i + 6} are prime triples.
Proof. Theorem 11.1 is a special case of theorem 9.1.
Theorem 11.2
There exist infinitely many i(i = 1, 2, · · · ) such that {z i , z i +2, z i +6, z i + 8} are prime quaternions.
Theorem 11.2 is just theorem 9.1.
Theorem 11.3
There exist infinitely many i(i = 1, 2, · · · ) such that {z i , z i + 2, z i + 12, z i + 14} are prime quaternions.
The proof of theorem 11.3 is similar to the proof of theorem 9.1, but we use difference 12 instead of the difference 6 for pairs of prime twins.
